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The forces on two spherical particles moving in a fluid are investigated by the method
of matched asymptotic expansions in the small Reynolds number, for the case when
the particles are within each other’s inner region of expansion. The particular case
in which the distanece  between the sphere centres is very much larger than the sphere
radii @ and b is studied in detail. The asymptotic expansion of the force on one of
the spheres for small ¢/l and b/l is obtained. Some properties of the force, not to be
expected from the Stokes equation, are revealed.

1. Introduction

Hydrodynamic interactions between particles have significant effects on the bulk
properties of a fluid—particle system such as a suspension or a flow through a porous
medium. They have been the subject of many studies for many years (for references
see Happel & Brenner 1973; Batchelor & Green 1972). If particles are randomly
located within a fluid, the most important hydrodynamic interactions are those
between a pair of particles. So far most studies of the pair interaction have been
based on the Stokes equation. However, they cannot fully explain interesting
properties of the interaction. For example, in the case when two spheres of equal size
are sedimenting vertically one above the other in an unbounded fluid, the difference
between the forces on the leading and trailing spheres cannot be explained by an
analysis based on the Stokes equation.

In order to investigate such properties, we must take into account the inertial effect.
Let us consider two particles moving in an unbounded fluid at small but finite
Reynolds number R. To treat the nonlinear inertial term in the Navier—Stokes
equation properly, we have to use the method of matched asymptotic expansions.
Then there can be at least the following two cases: case I, where the particles are
sufficiently separated so that each of them is located in the outer region of expansion
of the other; and case II, where they are sufficiently close to each other so that each
of them is located in the inner region of expansion of the other. Case I was studied
by Vassure & Cox (1977).

It is intuitively evident that the particles experience stronger interaction with a
smaller separation between them. Hence the study of case II is expected to be
crucial for understanding the effect of the particle-particle interaction on the
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hydrodynamical bulk properties of a particulate system with non-zero particle
Reynolds number. The purpose of this paper is to study this case, i.e. case II.

Brenner & Cox (1963) presented a method of calculating the first order (in R)
force on a particle of arbitrary shape in a uniform flow. Their argument can be
applied to obtain the total force on two particles (in case II} but is insufficient to
obtain the individual force on each of them. Their method is generalized in §§3-5 so
that the individual forces can be calculated; for simplicity the particles are assumed
to be spheres. (The discussion of §§3-5 can be easily extended to the case where the
particles are of arbitrary shapes.) In §§6 and 7, confining ourselves to the case
where the distance [ between the spheres is very much larger than their radii @ and b,
we analyse the force on one of them. The asymptotic expansion of the force is given
up to O(a/l) or O(b/1).

For full understanding of the R-dependence of the bulk property of a fluid-
particle system, it would be necessary to study more general cases including the
case with a/l and/or b/l being order unity. The approach in §§3-5 is applicable to
such cases also. Such analyses are left to future studies.

2. Basic equations

We consider two spherical particles of radii ¢ and b (which will be referred to
respectively as sphere A and sphere B) moving in a quiescent unbounded incom-
pressible fluid. The instantaneous translational and angular velocities of sphere A
(sphere B) are denoted by U/, and @/, (Up and %) respectively. We choose a
Cartesian coordinate system (ry,7,,7;), the origin of which is at the instantaneous
position of the centre of sphere A4, and relative to which the fluid velocity at infinity
is —U/,. In this coordinate system the flow may be regarded as a steady one, provided
that the motions of the spheres are steady and | U/, — Uj%| is sufficiently small.

The fluid velocity u’ and pressure p’ (taken to be zero at infinity) then satisfy the
steady Navier—Stokes and continuity equations

uV'iu —V'p' = pu’ . Vu', (2.1a)
V.u =0,
and the boundary condition at infinity
w—--U, as |r'|— o0, (2.2)

where p and p are respectively the fluid density and viscosity. The velocity u’ is
assumed to satisfy the no-slip boundary conditions on the surfaces of the spheres:

v =Q4xr on |r|=a, (2.3a)
u = (Uz—U\H+Q¥ x(r'—1) on |r'—1|=0b, (2.3b)

where 1" is the position vector of the centre of sphere B.
In terms of dimensionless quantities defined by

r u’ ap’ I

R = — QN — l=—

r as u U:‘is p /LL];!’ a’
Uy _Up-U, 4 afd g 0SQp 9.4
U__U;;’ AU = T Q =T, Q =7, (2.4)

R=p_ﬂ’ ,\:ll, where U, =|U)|,
)% a
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(2.1)—(2.3) may be written as

V2u—Vp = Ru.Vu, (2.5a)
V.u=0, (2.5b)

u->U as r=ir|- o, (2.6)
u=Q4xr on r=1, (2.7a)
u=AU+QBxq on g¢g(=|ql)=A4, (2.7b)

where q = r—1.

Here we assume that B < 1 and the non-dimensional distance [ (= |1|) between
the sphere centres is much smaller than a/R so that sphere B is located in the inner
region of expansion of sphere 4 (case II). On the other hand, in case I studied by
Vassure & Cox (1977), the distance ! is assumed to be much greater than a/R.

3. The inner and outer expansions
The inner expansions of u and p are of the form (Brenner & Cox 1963)
u = uy(r)+ R u,(r)+o(R), (3.1a)
P = po(r) + B py(r) +0(R).
Substituting these into (2.5)—(2.7), and equating powers of R yields

Viu,—~Vp, =0, (3.2a)
V.u, =0, (3.2b)
u,=Q4xr on r=1, (3.3a)
u,=AU+QBxq on ¢=A4, (3.3b)
and V2u,—Vp, = uy.Vu,, (34a)
V.u, =0, (3.4b)
U, =0 on r=1 and ¢=A. (3.5)
The outer expansions are of the form
u = U+ R, (F)+o(R), (3.6a)
p = R*p,(F) +o(R?), (3.6b)
where ¥ = Rr. Substituting these into (2.5) and (2.6), one finds
V.a,-Vp, =U.Vq, (3.7a)
V.i,=0, (3.7b)
4,20 as 7—-o0. (3.8)
The force f'” and torque t'” on sphere o (o is 4 or B) are expanded as
f"E&r—:/;—UZ= fg + Rf7 + o(R), (3.9a)
t = W;’;—UZ = tJ+ Rt +o(R), (3.9b)

where f¢ and f7 (tJ and t{) are the non-dimensional forces (torques) due to (1, )
and (u,, p,) respectively.
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4. Zeroth-order inner approximation (u,, p,) and the matching
condition for (u,, p,)

Equation (3.6a) yields the matching condition

u,—»U as r— o, (4.1)

and (u,, p,) can be obtained by solving (3.2) with (3.3), (4.1). Because of the linearity
of the equations (3.2) and the boundary conditions (3.3) and (4.1), the zeroth-order
force f§ (o is A or B) due to (u,, p,) depends linearly on U, Q4 and Q8, where AU
is assumed to be negligible. From this and the symmetry consideration, it is shown
that ¢ is of the form

f =aJU+ad (U.DH1+ Q4 x1+9°Q8 x1, (4.2)

where af, aJ, f° and y” are scalar functions of / and A only.
It is known that u, and p, are expanded for large r as

u, = U—8(r).f,+0(r2), (4.30)
3
po=—55t . +0(™), (4.3b)

where f, = f4 +f8 # =r/r, and S is a tensor defined by

31
Sy(r) = 1

e (845 + 7 7;). (4.4)

The first-order outer approximation (ii,,$,) satisfying (3.7), (3.8) and properly
matching with (4.3) is known to yield the matching condition

u 3[U.V{r<—3f0+(r'fO)r)}+{3f0—-(U.fo)U}] as r— w0, (4.5a)

1716 r?
py=o0(rl)y as r—- (4.5b)
(see Brenner & Cox 1963).

5. First-order force and torque

To calculate the first-order force f{ and torque t# on sphere A due to (u,, p,), it
is convenient to introduce a Stokes field (u*, p*) defined by

Viu*—Vp* =0, V.u*=0, (56.1a, )
u*—=0 as r— o0, (5.2a)
u*=V*+W*xr on r=1, (5.2b)
u* =0 on ¢q=A.
Equations (3.4a) and (5.1a) may be written as
(7'1)2‘1,1 = [(%); (uo)j],j5 (5.3)
(T%)y,5 = 0, (5.4)

where (1,);; and (7*); are the stress tensors due to (u,, p,) and (u*, p*) respectively.
By noting (u,); ; (T*)i; = (u*); ; (T1)y, it is shown that

[(2*) (71)5— (1) (T*)ij— (%o); (%o); (u*)i],j + () (%); (e*)ij =0, (5.5)
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where (e*);; = H{(u*); ; + (u*);, ;} is the dimensionless rate-of-strain tensor for the flow
u*. Now we integrate this over the volume V, bounded externally by the spherical
surface S, of radius L, and internally by the surfaces S,(r = 1) and Sg(¢g = A). Then
using the boundary conditions (3.5), (5.2b), and letting L — o0, we obtain

6m{(V*), (fi)i+ (W), ()} = _[ (u¥); (11)3088; = I, — I~ I+ 1, (5.4)

Sa
where 11 = li ‘[ (u*)i (Tl)ij dSJ (57)
L-wdSL
I, = lim ‘[ (uy); (7%);;d8;, ‘(5.8)
Lo dSL
I; = lim _[ (o), (uo)j (u*), de’ (5.9)
Lo d Sy
I=lim | (u); (up); (e*);dV, (5.10)
LowdVy,

and dS has the direction of the outer normal to the volume bounded by the surface
8, or S;. It is shown in a manner following Brenner & Cox (1963) that

I, =0, (5.11a)
I, = 3m{3(fo)i— Uilfo); Ust (F*)s, (5.11b)
I, = lim f U, U,(u*);dS,;, (5.11¢)
Lo dJdSg,
where 67r(f*v)i = glrg)‘[ (T%);;d8; = 6n{(fX); + (f8):} (5.12q)
bn(/De = | (gas; (5.120)
6m(f5); = LB (%) dS;. (6.12¢)

6. Evaluation of / when a/l’ < 1 and W* =0
When ¢ = 1/1 < 1, applying the method of reflection, we obtain

u, = U—D(r).h4 +T(r). Q4— D(%) .hB+T<%) QB4 0(e), (6.1)

where AU in (3.3b) is assumed to be negligible, the matrices D and T are defined by
Dyy(r) = S;(r) +§V2Sy(r), (6.2)

Ty(r) = €y %7 (6.3)

and h4 = U—S(%l) .U, (6.4a)

h2 = U-8(1).U. (6.4b)
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Similarly, we obtain

u* = D(r). V*+T(r) . W*—D (%) S(1). V¥ +0(e?). (6.5)

To obtain the force (fi); we put (V*), = 8 ,;and W* = 0in (5.6). Then, substituting
(6.1) and (6.5) into (5.6) and taking into account the relations S;(—r) = Sy(1),
Tij(—1) = —T}(r), we obtain

(6.6)

where
-1
I,= lim J‘ [U]-—Djp(r) hg—Djp(—i—>h§]
LoowvYL>r>1
X Tyo(¥) QE {Dy; 1 (t) + Dy, ;(r)}dr, (6.7)

L>g>A

Lo
<[ Bo(9)02] [ 2 (D) + Dirs (§) S0, 69

2mJi} = lim J‘ Ly d3t, (6.9)

840 JL>T>8

Lo g> A8

N T
in which ALY = Spx N Ei (1), (6.10)
AL = Spy(0) Si (%) By (D), (6.11)
/\2L’:£3.1k = Spj <%> Spk (%)qu(f), (6.12)

274 _ q i (%
A2Li; = Ty (X) E;,(T), (6.13)
] 3 Fol A A

B (r) = 3{8ji, x(r) + Sy 4(1)} = Zr_gri(‘sjk—:;rj Fi) (6.14)

and r=r/l, g = g/l. It is shown in the appendix that
1, = n(h4 x Q4), + O(e?), }
Ip =—aA2[S(l). (U x Q8)],+0(e?).

(6.15)

Now let us take the coordinate system in which
l=1le,, U=/ (cosf)e,+(sinfh)e,, (6.16)

where cos = U .], and e, is the unit vector in the direction of the ith Cartesian
component. Then J7}, withm < 3and jor k = 3, and Jj3; do not appear in (6.6). Some
of the other Js are easily shown to be zero. To calculate the remaining Js, it is
convenient to use a formula for a bipolar integral:

[k, 1k=p1) % = [0,y Pk —p-ry@spase = | 2k p.ryapar, (@17)
A
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where the A indicates that the integration is restricted to the part of the (p, r)-plane
in which k, p, r can be the sides of a triangle. The formula (6.17) is known to be useful
also in the study of turbulence (Leslie 1973). The calculation was carried out with
the algebraic manipulation language REDUCE-2 (Hern 1973) in the Computer Centre
of the University of Tokyo. The following rational numbers in (6.18) are obtained
by such a computation manipulated algebraically, and not by a deduction from
decimal numbers. The results are as follows:

Jin=—1% Je=i butd= 16

J§11=—§—;, Jhoo =5 St =5 (6.18)
S = —%%, J?zz =%, St =-% ‘
Jiz:s:%a J?szl =—%'

The other Js are zero or do not appear in (6.6). The above value for each J was checked
to be in good agreement with (within a difference less than 10~ from) the result of
numerical integration obtained by using a library program AQ2DD in the
Computer Centre of Nagoya University.

7. The force on sphere 4
For V3 = d,; and W* = 0, we have
% = —e;+ 0(e?), (7.1)
£ = AS(1).e,+O0(c®). (7.2)
From (5.6), (5.11), (6.6), (7.1) and (7.2), the first-order force f# is given by
6m(f{); = n{(3f,— (U.£) U) . (e,— AS(1).¢,)} +n{h4 x Q4
—A8(). (U x QB)} —4nA U, U, J}, + 21e{ U, Uy (20T,
+A%3,0) +22°U, QR J1,13 + O(e?),
where p and ¢ take only the values 1 and 2.
The following observations can be made from this result.
(i) If U is perpendicular to 1(§ = 3m) or U = (0, 1, 0), the force (f'4), on sphere 4
and parallel to 1 is
(f ) = 6mpalU{R[— A +§Q4 +e(@A+ A
- Q4 +122 Q8+ 0(e?)] +o( R)}. (7.4)
When R = 0, the force f’ given by (7.4) is clearly zero. If the rotational velocities of
the spheres are very small, (f'4), is negative, so that two spheres experience repulsive
forces.

It is to be noted that the rotation of sphere B affects (f'4), in (7.4), as well as that
of sphere A. In the limit A = 0, (7.4) reduces to
(f“h = mapUQZ (R +o(R)) (7.5)
in accordance with the result for a single rotating sphere obtained by Rubinow &
Keller (1961).
It is also observed that the leading term in (7.4) has no dependence on [. In case
I,ie. when [ > a/R, according to Vassure & Cox (1977),

’ ’ 1 R R
(f' 1), = 6mpal, {“%62—é[2—(;+2)exp(—§g):|}, (7.6)
fora=0b (A=1)and Q4 =QF =0.
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In the limit R/e — O this yields
(f ) = 6mpaly (— {5 R), (7.7)
which is in agreement with (7.4) for Q4 = 0 and a/ 1-0.
(ii)) If U is parallel to 1(¢ = 0 or ), then (f,); = ((1+A)—3ed) U; +O(€?), and the
first-order force (f;4), on sphere A &nd parallel to U is
(fi4), = 6mualU R{3(1 + A —3eA) (1 —3eA) U, +3A + e(—HA —FA2) + 0(e?)}., (7.8)

This force (up to Ofe)) is not affected by the rotations of spheres. If sphere 4 is in
the leading position, i.e. § =0 or U = (1, 0, 0), then

(f4) = 6muaU{(fi) + R[3+3A—e(GA+8A2) + O(e*) ]+ o(R)}, (7.9)
while if it is in the trailing position, i.e. § = 7, or U = (—1, 0, 0), then
(f ), = 6mualU{(fi), + R{—§+€BA) +0(c®)]+o(R)}, (7.10)

where (f§'), is the force obtained by the analysis based on the Stokes equations. Thus
the drag on a sphere is larger when it is in the leading position than when it is in
the trailing position. The difference A; between the drag in these two cases is

ApA) = 6mpuaU{R [3A—fe(A+A%) + O(e?)] +o(R)}, (7.11)

From the above result it can be shown that if the two spheres are of the same radius
a then the leading sphere experiences larger drag than the trailing one and the
difference between the drags is Ay(1), i.e. they effectively experience an attractive
force of magnitude Ay(1).

In case I ({R/a <€ 1), fora=15

8y =—bmpat {3 | 1—exp( - ) |-2e}+ 712
=—bmualnz 1 xp . 26t (7.12)
A;—>6mualU,3R as R/e—0,

which is in accordance with (7.11) for ¢ — 0.

Appendix. Derivation of (6.15)

First consider 14, which may be written as

Iy = 14— 14+ 0(?), (A1)

1
4= kj‘ ng d"rekqm—zf'm Xyjp(r), (A 2)

1
= kA QAI d rekqm D]p( ) m‘Yz]k( ) (A 3)
where

13 . 1 o

D;j,(r) = 1 ;(8jp+rjrp)+ﬁ(8jp—3"jrp) ) (A4)

Xijn() = Dy () + Dy, (1)

31 1
2[ (Fs Sjie—BF4 Py i) = —5 (Fy Byt y B+ 74, By 5fif,f,c)] (A 5)
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Substituting (A 5) into (A 2), (A 3), and noting that €, #,, 7/ = 0, we have

I, =hAQ4 qumjwdr4ﬂr2<h§<riajk— riajk+rjaki)> , (A 6)
1 T

r2 2\ r? rd

o P3P0 Ty 0+ 0k
IA2=thgekqu dr47rr2<Djp(r)r—7;'§< ;;"— 1 f"ﬁf ")> (A7)

where (), denotes the average over the spherical surface r = R. Using {#;#;>, = §dy;,
we have

Ly = b Qf €qm 27{0;m Ok — §(Oym Ot + 8y Oxi)} = 27he QF €

q Ciqi

=2m(h4 x Q4),, ; (A 8)

IA2 = hf; Q‘; ekqm 277}{(%'*’%_%_%) 812m 3;”,-— (%+%+%—%) 6mp 6k1:} = ”hﬁ Qg epqi
= 71(h4 x Q4),. (A9)
Thus 1, = n(h4 x Q4),+ 0(e?). (A 10)

As for Ig, putting p = q/A, we have
[ 0 0

Iy=—n L);ﬁp 148 = Dy3(9) 1) UialP) 915 | 5= Dilp) +5;);Dk,<p>]sﬂ<l> +0(e?).
(A 11)

From (A 2), (A3),(A8),(A9),
Iy = —nA%8,,(1) {(2hB —hB) x QB}, + O(€?)
= —7mA%{S(l). (hB x QB)}, + O(e?), (A 12)
where the relation S,;(1) = S,,(1) has been used.
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